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Abstract. WegiveexamplesofLorentzmanifoldsmodelledon an indecomposabie
Lorentzsymmetricspacewhich aregeodesicallycompleteandnot locallyhomoge-
neous.

1. INTRODUCTION

Let (M, g) bea smooth,connected,pseudo-Riemannianmanifoldof dimensionm

and signature(p,q), p + q = m, andlet R be its Riemanncurvaturetensor.Further,

let (M0 , g0) beapseudo-Riemanniansymmetricspaceof thesamedimensionm and

thesamesignature(p,q) anddenoteby J?~its Riemanncurvaturetensor.We saythat
(M, g) is modelledon (M0 , g0) if for any point ~ E M, thereexistsanisometry

Key-Words:Lorentzmanifolds,indecomposabicLorent.zsymmetricspace,curvaturehomo-
geneousmanifolds.
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TeAl —* T,~Al
0) ( u0 beinga bascpoint of Al0 ) suchthat

~R0~ =

In particularthis impliesthat (Al, g) is curvaturehomogeneousin thesenseof 10J(see

also [61). Ii hasbeenproved in [111that when (Al0 go) is an irreducibleRiemann-

iansymmetricspace((p, q) = (rn 0) or (0 , rn)) , then ( Al, g) is necessarilylocally

symmetricandhencelocally isometric to themodel space(M0 , g~)-

The aim of this note is to investigateto what extent this situation generalizesto

Lorentz type manifolds. In pscudo-Ricmannianmanifolds the notion of irreducihilit~

hasto be replacedby theweakernotionof indccomposahiliiy(orequivalently,of weakly

irreducibility~yRecall that (Al, g) is saidto be indecomposableif the holonomygroup

X~at the point ~ stabilizesonly non-trivial suhspacesV of TEAl suchthat OEFvxv

is degenerate(i.e. hasrank strictly smallerthan dim V ). The (IC Rham-Wutheorem

[121 then assertsthatanysimply connected,complete,pseudo-Riemannianmanifold is

isometric to aproductof indeconiposableones.
We will showthat when (Al, g) is modelledon an indecomposable,not (isotropy)

irreducibleLorcntz symmetricspace(Al0, g0) (Al, g) is in generalnot locally syni-

metric. In fact,we constructfor all dimensionsm � 3 suchspaces( M, g) whichare

not evenlocally honiogeneus.The isometryclassof such (M, g) dependson arbitrary

functions. But up to now we areunableto determine,evenlocally, all manifolds ( Al, g)

modelledon agiven indecomposable,not irreducibleLorenizsymmetricspace.

Physicallyrelevantmodelsof classicalgeneralrelativity should he examinedfrom

this point of view: a first questionwould be to determineto what extent the algebraic

invariantsof thecurvaturetensordeterminelocally the metric. There areexaniplesof

four-dimensionalLorentzmanifolds having the sameinvariantswithout beinglocally

isometric; but what is, at leastto us, not known is the degreeof arbitrarinessof the

metricshavingprescribedinvariarits.

2. FIRST RESULTS

IndecomposableLorcntzsymmetricspacesareclassilied by the following two theo-

rems.

THEOREM 1. [2[. Let (Al0 , g0) beasimplyconnected,indecomposableLorcnLz sym-

metricspaceofdimensionrn = n+ 2, n ~ I . Then either (M0, g0) is irreducible

andadmitsa semi-simpleisometrygroupor (Al0 , g0) admits a solvabletransvection

group. Furthermore, in this last case, Al0 = R’~
2 and there exist ii real numbem’

< n, suchthat

(i) ~l - - - ~
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(ii) )~+...+)~=l
andthemetric g0 isgivenby

9o = (~~(i1)2) cix°® dx°+ dx°® dx
9-+ dx9-®cix°—

(2.1) 1=1

— dx’ ® dx’

where x0 , x~-,x’, i < ,t, are thecoordinatesofR~2.

ThEOREM 2. Let (Al
0,g0) bean irreducibleLorentzsymmetricspaceofdimension

m= n+2,n�1. Then (M01g0) hasconstantsectionalcurvature.
U

Proof We useBerger’slist of irreduciblepseudo-Riemanniansymmetricspaces[1]

and computein eachcase the signature. The list of thesesignaturesis given in the
Appendix. The result then follows at oncefrom it.

REMARK. It would certainlybeworthwile to have a direct proofof Theorem2.

A direct calculation showsthat the only non-vanishingcomponentsof the curvature

tensor of (2.1) are

(2.2) R0.01= )~j, I ~J � n.

This implies that the Ricci tensor r hasonly onenon-zerocomponent

(2.3) =

and the scalarcurvature

(2.4) p=O.

Theorem1 andthe aboveformulasimply thefollowing

PROPOSITION 1. Let (Al,g) be a connectedLorent.zmanifoldofdimensionm = n +

2, n ~ 1 , modelledon theindecomposable,non-irreducibleLorentzsymmetricspace

(M0, g0). Thenforall x E Al, thereexistsan ~orthonormal.t.frame {e0,�0, e, 1 <

~� n} wheretheonlynon-zeroscalarproductsare

g00= 1, g(e3,e1)=—l, 1 <j<n
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andsuchthat with respectto thedualone-formsw~, wv-, w) of thesebasicvectorsthe

curvaturetensoris given by

(2.2’) R=~~A3(wOAw3)~(w0AwJ).

Moreover,theRicci tensorhas the Ibrm

(2.3’) r = ~ A1w°® w
0

andthescalarcurvaturevanishes. .

REMARK. Theline Re
0 is uniquelycharacterizedby theproperty R(X, Y) ~0 = 0 for

all vectors XV . (2.3’) showsthat the vector field e0 is globally definedup to sign.

Further,from the contractedBianchi identities oneseesthat

(2.5) Veeo = —(dive0)e0

Flencethe integral curvesof e0 aregeodesics.

Ontheotherhand,Theorem2 implies

PROPOSITtON2. A connectedLorentzmanifold (Al,g) modelledon an irreducible

symmetricspace(M0 , g0) hasconstantsectionalcurvature. •

3. EXPLICIT EXAMPLES

Let us considerathree-dimensionalLorentzmanifold (M, g) modelledon asym-

metric, indecomposable,non-irreduciblespace(Al0, g0) - Its curvaturetensoris given

by (2.2’). We shall assumethatthecharacteristicvector field e0 is recurrent,that is

(3.1) Ve0=~Øe0

for acertainone-form ~. From the contractedBianchi identitiesonethendeducesthat

~(e0) = 0 andhence(2.5) becomes

(3.2) V~eo= 0 -

From (3.1) and the form of the Ricci tensorone deducesthat ( Al, g) has recurrent

curvature

(3.3) VR=2~®R.

It then follows from [9, p. 169]:
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PROPOSITION3. Eachpoint x of (M, g) admitsa neighborhoodU~in whichthere

existscoordinatesx
0, ~ x1 suchthat themetric g isgivenby

(3.4) g = dx°® (dz9-+ Adx°)+ (dx9-+ Adx°)® dx°— dx’ ® dx’

whereA is a functionoftwo variables,

A=A(x°,x’)

suchthat 02 A/( Ox’)2 ~i0 in allpointsofU~.Furthermore,(M, g) is locallysym-
metricifandonlyif 02 A/( Ox1)2 is a constant.

REMARK. If weput

(3.5) = hdx°,w~= ~(dxQ+Adx0), wt = dx’

where

(3.6) = (0~)~’ A, = constant

thenwe have

(3.7) g = w°®~~-+w9-®w0 —~ ®w’

and

(3.8) R= —A
1(w°Aw’) ®(w° Aw

1)

(3.9) aidlnh.

To constructa completemanifold (Al, g) modelledon (Al
0, g0) we shallassume

(i) that Al is diffeomorphicto R
3 (ii) that themetric(3.4) is a global oneand(iii) that

A A(x1) with c32A(Oxt)2>0. Theequationsofthegeodesicsof(Al,g) arethe
Euler-Lagrange equationscorrespondingto the Lagrange functions

dx° 7dx~ .dx°\ /dx’\2
L=2---~—+A-~--)— ~-~-)

Theseequationsadmit three first integrals:

dx° (dx9- dx°’\ (dxl’\2
(a) ~ =~,

dx0 dxv-
(b) -~—a, -~—=b—2Aa,
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where a, b areconstantsdeterminedby the initial conditionsand e = +1, —1,0 if the

geodesicis time-like, space-likeornull. Substituting(b) in (a) andintegratingonegets

(c) t = JZ~o) ~(2ab —e) — 2a2A

Themanifold (Al, g) is completeprovidedanygeodesicgoingto infinity, doesit in an
infinite time I - This meansthat the integral (c) mustdivergewhen x1 tendsto +c~

In particularthis is the caseif A hasan asymptoticbehaviorof the form ~ ~

where c is aconstantand 0 < A < 2

We shall saythat afunction A(x’) is admissibleif

(i) ~ ~‘ 0 exceptin afinite numberof points;

(ii) ~—j~> 0 everywhere;

(iii) for i.’ large, A behaveslike 4~’~, 0 < A < 2

Thenwe have

PROPOSITION4. Themanifold (R3, ds2) where

(3.10) ds2 = dx°® (di.~-+Adx°)+ (di.~—+Adx°)® dx° di.’ ~ di.’

andwhereA is an admissiblefunctionof ~ , is a completeLorent. manifoldmodelled

on (Al
0,g0) -

U

Next, we prove

PROPOSITION5. Let (R
3, g) beamanifoldwhereg isof type(3.4,) with A = A( x1).

Thenit is locally homogeneusif and onlyif

(i) it islocally symmetric,or

(ii) A = ae~, where a and b arc non-vanishingconstants. In this last case
(R3 , g) isglohallyhomogcncus.

Proof We first notethat for (3.5) we get

I Vw°
(3.11)

(~V~e1=

where

(3.12) ~= ax
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Next,suppose(R3 , g) is locally homogeneousandlet f bea local isometry. Since
R and VR are invariantunderlocal isometrics,we get from (3.3) that a is also in-

variant.This implies

Ik~II2= _c2

where

0 in h
(3.13) c = , caconstant

Ox

becauseof (3.6), (3.9) andthe assumptionthat A = A( x1).

If c= 0 ,thena= 0 and (R3,g) is locally symmetric.

Further,let c ~ 0 . Thenthe invarianceof a impliesthe invarianceof dx’ and
hence

(3.14) fax’ = x1 + m, m constant -

Then,taking oncemoreinto accountthe invarianceof R, weget

(3.15) fw° = ~ ~2 =

and then fg = g implies

(3.16) f~ui!~=�w~-.

Next, sinceV2 R is alsoinvariant, we obtainthe invarianceof Va , or equivalently,
of Vw1 . Then(3.11),(3.12) and(3.15) yield

*( ,
2OA\~ ~~20A

\ Ox) Ox

Thisandthelocalhomogeneityconditionyield that h
2 ~. isconstantandhence,using

(3.6) we get

(3.17) A ae~’, ab~0, b 2c.

Fom this, (3.14),(3.15) and(3.16) we get

~ f*xI = x’ + m,
(3.18) ‘~ f*xO = �e_~mxo+ p,

1 f~x9-= fecmx~~+ q,
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where rn p q arcconstants.This provesthe requiredresult.

Finally, we note that a diffeomorphism f : R3 —+ R~ is an isometry between

(R3,ds2) and (R3, d32) where

ds2 = 2dy°(dy~+A(y1)dy0)— (dy’)2

if andonly if

(3.19) f(x0,x~,xI)=(ax0+c0,hxQ+bx0+c~,x1+c1),

(3.20) (Aof)(x°,x~,x’ = A(rx’ + c’) = ~A(x1) —

where e2 = 1 and a ~ 0 , b,c°, c~,c1 areconstants.Therefore,theisometryclassesof

themetric (3.10) areparametrizedby the orbitsof the functions A underthe action of
a Lie group C of dimension5 which is the semi-directproductof the two-dimensional

solvablegroupwith the translationgroup R3 . The methodto prove this is similar to

theoneusedin theproofof Proposition5 (seealso[6]). .

4. REMARKS

(i) In dimensionfour oneseesin virtueof PopositionI that anymanifold (Al, g)

modelledon an indecomposable,non-irreduciblesymmetricspace(Al
0 , g0) has a con-

formal curvaturetensorof Petrovtype N [8] and a Ricci tensorcorrespondingto the

energydistributionof a null electromagneticfield whosepropagationvectorcoincides

with the null characteristicvector of the conformaltensor. Indeedonededucesfrom

(2.2’) and (2.3’) that thereexistsat eachpoint a vector (heredenoted e0) such that

i(e0)C = 0 (where C denotesthe conformalcurvaturetensor);this is precisely the

characterizationof Pctrov type N. Conversely,any four-dimensionalmanifold wich

is Ricci flat, of Petrovtype N andis suchthat thecurvaturetensoris nonwherezero,

is modelled on a symmetricspace;this is a direct consequenceof the fact that there

existsa changeof adaptedframe(Lorentztransformation)at eachpoint which reduces

thenon-vanishingcomponentsof thecurvaturetensor(R010, and R0202 ) to opposite

constants(A, —A) . Many spacetimesof this form areknown [3], [4], [7]; complete

non-homogeneousexamplesshould be characterized.

(ii) Proposition3 and4 generalizeto arbitrarydimensionm ~ 4 choosing Al =

R~andasmetric

ds
2 = 2dx°(dx~+Adx°)—
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where

A = m-2 A~(x’)

and every A1 is an admissiblefunction.

5. APPENDIX: PROOFOF THEOREM2

Onefinds in [1] the list of all pairs (Q, AC) associatedwith thosesymmetricspaces

C/K which havea simple isometrygroup. It isknown that:
— if AC containsafactor R = so(1, 1) , thespace C/K is reducibleandtheinvari-

antbilinearformson it areof signature(p,p)
— if AC containsafactor T = so(2) , the spaceC/K is pseudo-Kahlerianand the

invariantformson it areof signature(2p, 2 q)

— if Q and AC are both pseudo-complex,the spaceC/K is c-symmetricand it

admitsa two-parameterfamily of invariantforms the signatureof which is (p,p)
— if g = AC ® , the invariantforms on C/K havethe signatureof the Killing

form of IC, which is Lorentzianonly in thecase SL(2, (t)/SL(2 , R).

The signatureof the spacesgiven in [II andwhich do not belongto anyof these

classesis indicatedin the following table (the notationfor the realsimpleLie algebras
is definedin [5,p. 518]).

g AC signature

al(n,R) so(i,n—i) ( ~(n+ 1) — i(n— i) —1,

i(n— 1))
31(2n, I~) sp(n, R) (n

2 — 1, — n)
su*(2n) .sp(i,n—i) (2n2 — n—i —4i(n—i),

4i(n—i))
su~(2n) so’(2n) (‘r?—1,n2+n)
su(i,n— i) .so(i,fl— i) (i(n— i),

~(n+ 1)—I —i(n—i))
su(n,n) so’(2n) (n2+n,n2—1)
su(n,n) sp(n,R) (n2 — 1)
so(2n) so*(2i) + so(2n—2i) (2i(n— i),2~(n—i))
ao*(2n) so(n,ff~) (~(n— l),~(n+ 1))
.so(2,n— i) .so(k,h) + .so(i — k,n— i — h) (k(n— h — i) + h(i — k),

k(i — k) + h(n—h — i))
so(m,m) ao(m,62) (~(m+ 1),~(m—1))
sp(n,R) .sp(i,R) + sp(n— i,R) (2i(n— i),2i(n-’- i))
sp(2n,R) sp(n,~t) (n(2n+ 1),n(2n— 1)
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sp(i,n— i) sp(k,h) + sp(i — k,n— i — h) (4k(n— h — i)
+4h(i — k,4k(i — k)
+4h(n— h — i))

sp(n,n) sp(n,~U) (n(2n’— l),n(2n+ I))
C2121 .sl(2,R) + sl(2,R) (4,4)
F~4) so(4,5) (8,8)
F~<41 sp(l,

2) + su(2) (20,8)
F~

41 sp(3,R) + sl(2,R) (14,14)
30(1,8) (8,8)

F~_20) 3p(l,
2)+StL(2) (8,20)

Ef,~
6) F4(4) (14,12)

E~61 su~(6)+ su(2) (28, 12)
E~61 .sp(2,2) (26,16)

E~6) sp(4,R) (22,20)
E~61 sl(6,R) + sl(2,R) (20,20)
E6<21 su(2,4)+su(2) (24,16)
E~21 su(3,3) + sl(2,R) (20,20)

E~2) sp(l,3) (28, 14)
E~21 F4<4) (12,14)
Ef,~2) .sp(4,R) (20,22)
E~ 4) F~,<-20) (16, 10)
E6<,4) su(

2,4)+su(2) (16,24)

E
6(,4) sp(

2,2) (16,26)
E~ 14) .su(4,2) + .s1(2,~) (20,20)
E~_

26) sp(l,3) (14,18)

E~_261 3U
t(6) + .su(2) (12,28)

E~
26) F~_201 (10,16)

E7(7) so~(l2)+ 314(2) (40,24)
E7171 so(6,6)+sl(2,R) (32,32)
E7171 314(4,4) (38,32)

sl(8,R) (35,35)
E7(7) su(8) (43,27)
E71_51 so(4,8) + su(2) (32,32)

E7(_5) su(4,4) (32,38)
E71,.,51 .su(2,6) (40,30)
E7(,~5) so(12) + sl(2,R) (32,32)
E71~51 3U(8) (27,43)

so(2,10)+ sl(2,R) (32,32)
E7(~) su(2,6) (30,40)

so~(l2)+su(2) (24,40)
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E8( 8) E7( 5) + SU (64, 48)
E8(8) so(8,8) (64,64)
E8(g) E7(7) + $t(2,R) (56,56)
Eg(8) so~(16) (72,56)

E81_241 so~(16) (56,72)
E8(_24) 30(4, 12) (64,64)
E8(_24) E7(_5)+ 314(2) (48,64)
E8(_24) E7(..15)+31(2,R) (56,56)

TheonlyLorentzianirreduciblespaceswhich appearin theabovelist are SO0(1,n)

/S00(1,n— 1) and S00(2,n)/S00(l,n) ,both of constantcurvature.Two other

spaces areLorentzian but a direct product, namely

S0(4)/SO(2, ~t) ~‘ SU(2)/SO(2) xSL(2,R)/R

S00(2,2)/SO(2, U) SL(2,R)/SO(2) xSL(2,R)/R.

Ontheotherhand,theonlyirreducibleLorent.ziansymmetric space with a non-simple
isometrygroupis SL(2,R) xSL(2,R)/SL(2,R) ~SO0(2,2)/SO0(1,2).

REFERENCES

[1] M. BERGER: Les espacessymétriquesnon compacts,Ann. Sd. Ecole Norm. Sup. 74,
(1957),85-177.

[2] M. CAHEN, N. WALLACH, Lorentzian symmetricspaces,Bull. Amer. Math. Soc. 76 (3)
(1970),585-591.

[3] F.J.ERNST,I. HAUSER, Fieldequationsandintegrability conditionsfor specialtype N twist-
ing gravitationalfields, I Math. Phys., 19(1978), 1816-1822.

[4] 1. HAUSER, Type N gravitationalfield with twist, Phys. Rev. Lctt., 33 (1974), 1112-1113.
[5] 5. HELGA5ON, Differential geometry,Lie groups andsymmetricspaces,AcademicPress,

New York, 1978.
[6] 0. KOWALSKI, E TRICERRI, L. VANHECKE, CurvaturehomogeneousRiemannianmanifolds,

J. Math. PuresAppi., to appear.
[7] D.KRAMER, H.STEPIJANI,M. McCALLUM, E. HERLT,ExactsolutionsofEinstein’s field equa-

tions, CambridgeUniversityPress,Cambridge,1980.
[8] A.Z. PETROY,Einsteinspaces,PergarnonPress,NewYork, 1969.
[9] H.S.RUSE,A.G. WALKER andT.J. WILLMORE, Harmonicspaces,Cremonese,Roma, 1961.

[10] I.M. SINGER, Infinitesimally homogeneousspaces,Comm. Pure App!. Math. 13 (1960),
685-697.

[11] F. TRICERRI andL. VANItECKE, Variétésriemanniennesdont Ic tenseurdecourbureestccliii
d’un espacesymdtriqueirrdductible, CR.Acad.Sc Paris Sdr. I 302 (1986),233-235.

[12] H. WE, On thedeRhamdecompositiontheorem,Illinois J. Math. 8 (1964),291 -311.

Manuscriptreceived:October3, 1990
Revisedversion: January1, 1991


